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Abstract 

TT e'^Ue^^s. decay rates are studied up to the next-to-leading order(0(^)) in chiral 
perturbation theory. It is found that the O^^^ terms appreciably modify the shape of the invariant 
mass distribution of leptons(3ei^) and the energy spectrum of neutrinos. 
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I. INTRODUCTION 



The radiative semileptonic kaon decay, Kl — > ir^e^i"^ (-^^37) has been studied extensively 
B i, i, i, H, i, 0, B i, [13 within the chiral perturbation theory (ChPT)[llj. The 
amphtude of /T/s^ can be written as a sum of an inner bremstrahlung(IB) amphtude and 
a structure dependent (SD) amphtude. The IB amphtude is the leading 0{q~^) and 
0{q^) term of the photon momentum(g) expansion of the amplitude and hence can be 
related to the nonradiative Ki^ amplitude by using the theorems of Low[l2| and Adler 



and Dothan[l3|. On the other hand, the SD amplitude, which is of the order of 0{q) 
and higher, contains new information on the hadron currents and therefore is the main 
interest for studying the n^e^w^^Ki^^) reaction. 

Fearing et al. studied the radiative i^/s decay using the Low and Adler-Dothan theorems 
and the partial conservation of the axial current (PCAC) hypothesis. Later, Holsteinj^ 
analyzed this decay process using the model independent ChPT at O(p^) at tree level. 
The full 0{p^) ChPT analysis including the loop effects has been done by Bijnens et al. j6[. 
Further ChPT analysis of the -ft'e37 decay up to the 0{p'^) terms was reported by Gasser 
et al. 0, 11] • In these calculations, the effect of the SD was found to be rather small in 
determining the integrated decay rate, but has appreciable effects on the differential decay 
rates. Sizable effects of the SD amplitude are found on the photon energy spectrum and 
pion energy distribution in the kinematic region where the experimental counting rate is 
small. The comparison of the data and a review of the theoretical studies on this reaction 



are given in Ref. [9| and Ref. [10|, respectively. 

In this paper, we report on a ChPT study of the semileptonic decay process of kaon 
7i~ UeC^ e~ (/Tggg+g-) process which differs from the Kl 7r^e^z/7 (i^'js^) discussed above 
because it involves the production of a timelike virtual photon followed by its decay into 
a e"'"e~ pair. The recent KTeV experiment ij] is capable of measuring various differential 
decay rates of this reaction. The measured invariant mass distributions of e"'"e~(Me+e-) 
and leptons(M3ejy) and the energy spectrum of the neutrino will provide information for 
testing the ChPT predictions and extracting the information on the hadronic matrix 
elements. To analyze the data from this experiment and similar future experiments, it 
is necessary to have a full O(p^) ChPT prediction of the differential decay rates of the 
-^e3e+e- P^ocess. The purpose of this paper is to carry out such a calculation which, 
to our knowledge, is currently not available. We will examine various invariant mass 
distributions and energy spectrum. In particular we study which observables are more 
sensitive to the C(p^) terms. We also predict the branching ratios of Ki^^+^-{l = e, fi) 
decay relative to decay. We however have not extracted the effects of the SD term 
and leave this more difficult problem for future investigations. 

In section II, we summarize the effective Lagrangian employed in this work. The explicit 
form of the amplitudes of Ki^^+^.{1 = e,/i) from ChPT up to C(p^) are presented in 
Section III. The invariant mass spectrum of the i^fg^+g- (/ = e, /x) decay and effects of the 
C(p^) amplitudes are discussed in section IV. 
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II. EFFECTIVE LAGRANGIAN 



Chiral perturbation theory is an effective field theory of QCD to describe low energy 
hadronic system using a systematic perturbation scheme. In this section, a standard 
effective Lagrangian of ChPT for Goldstone bosons [ll|, 15 1 is summarized for complete- 
ness. The dynamical variable of ChPT, U{x), is parametrized by using octet fields (pa of 
Goldstone bosons as 



U 



exp 



with 



(1) 

(2) 



a=l 



Here Fq is the pion decay constant in the chiral limit and Xa are the Gell-Mann matrices. 
Following the standard counting rule IjJ, uM, the leading 0{p'^) order chiral effective 
Lagrangian is given as 



£(2) = < D^UiD^'Uy + xU^ + Ux^ > . 



(3) 



< O > denotes the trace of the matrix O. x is given as x = ^^BqM using the quark 
mass matrix M = diag(mu, m^, m^) and parameter Bq. The covariant derivative D^U, 
which includes a external electromagnetic field {A^) and the charged weak boson (PF^), 
is defined as follows, 



ir^U + iUly, 
— —eQAfj_, 

-eQAy - 



V2 



(W+T+ + h.c.). 



(4) 
(5) 

(6) 



Q is the quark charge and T+ is given by the CKM matrix elements. 



^ 3 
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The next to-leading-order (NLO) 0{p^) effective Lagrangian following Ref. [11 
as 



(7) 



IS given 



£(4) 



+L3 < DyU{D''UyDM{D''Uy > +L4 < DyU{D>'Uy >< xU^ + Ux^ > 
+L5 < D^U{D^^Uy{xU^ + Ux^) > +L, < xU^ + Ux^ 
+L, < x^U - U\ +Ls < xUhU^ + Ux^Ux^ > 

-iL, < fl^.D^UiD'^Uy + f%D^D{D''Uy > +L,o < U f^^U^ f^' >, (8) 



with 



fR{L) 

J flU 
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(9) 



and its filed tensors are defined as 



rR 
J 

J 



d^lu di/lfj^ ^[^/i) ^u\- 



(10) 
(11) 



The following piece of the chiral anomaly term 16|, 113] contributes to the amplitude 



of ^e3e+e- ^ecay, 

4nL = -Y^^^e^''''W;^d.A,(T+{d^U^QU -2U^dMQ -2QU^dM -U^Qd^u} 

+h.c.. (12) 



III. LO AND NLO AMPLITUDES OF K^^^+^_ 

Using the chiral effective Lagrangian presented in the previous section, we study the 
amplitude of K^^^+^. decay up to the next-to-leading order. 



K0^p,)^n-{p2)+ e^ih) +u,{k2) +e+{h) +e~{h). 



(13) 



The momentum of the virtual photon is given by = ki^ + k!^. The leading order 
amplitude T*^^^ is obtained from tree diagrams with vertices from C^'^\ Loop diagrams 
from and tree diagrams with vertices from C^^^ generate the next-to-leading order 
amplitude T^^\ 





It'- 




(a) 



(b) 



(c) 



FIG. 1: The leading order diagrams contributing to the K^^^+^- decay. The dark circles are LO 
vertices from C^'^\ 



The leading order amplitude T^"^^ of the K^^^+^^ decay shown in Fig. [T] is given as 



T(2) = ^^e'v;A 

V2 



us 2 



u{k2) jfi-^^ 

+u{k2){A+ ^2)(1 -75) 



2quP2iJ. 



Y(l-^,)v{k^) 

2P2^ 1 

(fci + qY - ml {p2 + qY - fnl j 



iP2 + qY - ml 



v{ki 



u{ki)-i^'v{k^). 

(14) 
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Here is Fermi constant and Vus is the CKM matrix element. Since we have two 
positrons in the final state, Eq. (HM represents the 'direct amplitude'. The 'exchange 
amplitude' is given from Eq. iHM by interchanging momentum and spins of the two 
positrons and by taking into account the phase (—1). Eq. (JT^ satisfies gauge invariance 
and agrees with Eq. (5.12) of Ref. when we replace the e~^e~ current by the photon 
polarization vector as 



(15) 



At the NLO, loop corrections and contributions of C^^^ are included. We take into account 



the diagrams shown in Fig. [2J They are the NLO correction of the pion(Fig. 2(a)) and 



kaon(Fig. 2(b)) electromagnetic form factors, ttKW vertex(Fig. 2(c) and Fig. 2(d)) 



KtcW'-)' vertex(Fig. 2(e)) and anomaly term(Fig. 2(e)). The NLO T-matrix (T*-^^) is 



given by the sum of six amplitudes as. 



7^(4) 



,7^(4) 



.(4) 



(4) 



.(4) 



■(c) 



■id) 



(e) 



' (e,anom) ' 



(16) 



For completeness, the explicit forms of t/^"* 



(i) 



are described in the next subsections. It is 



worth noting that, using the formulas given in the Appendix B, the expressions of T*^^) 
can be shown to agree with those of Ref. for the real photon limit. 



Pion and neutral kaon form factor 



In iiTggg+g. reaction, the virtual photon momentum is non-zero and the NLO corrections 
to the pion and neutral kaon form factors contribute to the reaction amplitude. They 
are given by loop diagrams (Figs. 3(a), 3(b), 3(d) and 3(e)) and vertices from C^'^'> (Fig. 



3(c)). Only loop diagrams contribute to the neutral kaon form factor. The amplitudes 

-2P2M 



T^^and tI^^^ are given as 



(4) 
(a) 



Gf , H 



V2 



us 2 



(4) _ Gf 2.r* H^i.(f ) 



uik2){M M #)(l-75) 



m(/^2)(^1+ ^2- ^)(1 - 75 



{p2 + qY - ml 



{Pi - qY - 



Here we define q = pi — P2- The form factors H'^ and are given as 



v{ki 



(17) 

u{h)Yv{k3). 

(18) 



1 r 



2Lgq' + A{ml) + ^A{mj,) - 2522(m^, ml, q') - B,2{mj,, ml, q'' 



-^[Im^k) - \A{nil) - B22{ml, m^, q^) + B22{ml, ml, q% 



H^iq') 

^0 

The functions A{m'^) and i?22(^i5 ""^2? 9'^) given in the Appendix A 



(19) 
(20) 
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(a) 



if' 





(b) 




(c) 




(d) 



(e) 



FIG. 2: The NLO diagrams contributing to the X^gg+g. decay. The dark squares (circles) are 
NLO (LO) vertices. 



B. ttKW vertices 

The diagrams contributing to the NLO nKW vertex are shown in Fig. |H The NLO 
amphtude Tj^^^ and Tj^^^ are given as 



(4) 



T, 



(4) 

(d) 



V2 

x(l-75) 



{ki + g)2 - ml 



v{h) 



(21) 



V2 



w(«;2) S Gi(rrf, /d)- ^ — + G2(rd, Id 



x(l -75)w(A;i) 



(P2 + qy - ml 



iP2 + qY - ml 



(22) 



with Tc = pi + p2, = Pi - P2, = Pi + P2 + g and Id = Pi - P2 - q- Here Gi and G2 are 
the weak form factors of the Ktt transition given as 



Gi(r,/) 



2Fi 



6 



jt — * n K,K n — * ™ — *—— n 



(a) 



(b) 




(d) 



(c) 




FIG. 3: The NLO diagrams contributing to the pion and the neutral kaon form factors. The 
dark box is NLO vertex from £.^^\ 
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A{mj, - mi)L, - 2r ■ ILg + -A{m'^) - —A{mi) + —A{mj,) 

48 16 



-r-l} 



+B{mK, ml - -ml - -m\ - -r^ + --r-l} 
^ V K, ^, n g ^ ^2 ^ 16 16 8 ^ 



-Bi{mK,m^,l ){-m: 



6 

5.0 3 



It ^ r2 3 

-ml- H — r 1 H — r ■ l[ 

■ ^ 8 8 2 ^ 



+52iK, ml, l'){ - -I' - -r • /} + B{mK, m' l'){- r-l- -I'} 



6 



--B22iml, ml, l^) - -B22{ml, mj, f) 



(23) 



(24) 



Those expressions agree with Eqs. (4.3)-(4.4) of [18| when the kaon and the pion are on 
the mass shell. 
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(a) 




(c) 



FIG. 4: The NLO diagrams contributing to nKW vertices. Mesons (mi, 777-2) ai'e (K'^,rj), 



C. ttKWj vertices 

The amphtude with the NLO correction of ttKWj vertex is expressed as 



- -^eV„;lt.(A;2)7.(l-75)t.(A:i)^(A;4)7.t^(A:3)EC):^- 



T, 



■(e) ^2 -g- 
The local interaction C^^^ shown in Fig. 5(a) gives 



(25) 



24""""""' 12 

+AL10W ■ q] ^^'^ + Lg[- AW^W - m^vl + %f2<f + 4p^W^^ - 4g>^ 
-4 [Lg + Lio] W^^g^ 

Here g'^ and are given as q^ = k^ ^ and VT'^ = fcf + ^2 • 



(26) 



The contributions of the loop diagrams shown in Fig. 5(b) 5(f) 
-35 



are given as 



t 



{b) 



10 



9 



+ 
+ 
+ 



2B,,{ml, m% W^) + ^i?(m^, ml W^) - B,{ml, ml, W) - ^i?2iK, mj,, W 



(27) 
(28) 



2B,{ml, ml, W') + ^B^{ml, m\, W''^ 



\B{m\, m\, Wl - ^B{ml, m],, 



(p^ + 2W^')W' 
{2pi^ + 3W^')W\ 



(29) 
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CoefHcient 


KKt] 


KKtt 


ttttK 




q ■ (6p2 + 2Q) 


2pi ■ q 


q ■ (6p2 + 2Q) 


h 


Q ■ (6p2 + 2Q) 


2pi-Q 


Q ■ (6p2 + 2Q) 




-Ap2 ■ Q - l{2ml + m\ 


) 


-4p2 ■ Q 


dg 


6 


2 


6 


C{ml,ml,ml) 






I) C{ml,ml,m\) 



TABLE I: CoefEcients a/s,bp,c/s,di3 and the mass parameters of the functions C2,Cij,Cijk- 



He) 



^(3p2 + Q) ■ QBiiml, m% Q^) - {p2 • Q + ^(m^ + 2m^)| 5(m^, m% Q 
+ \A{m\) - \A{ml) + (^pi +p2 + ^Q) • QSi(m^, m\, Q") 



Here Q/^ = + W^. for /3 = KKri, KKt:, ttttK is defined as 

+ W^q"^- 2Cooi(/9) - 4Coo2(/9) - a^Cn2(/?) - (a^j + 6;3)Ci22(/?) 

-&/3C^222(/3) + {bfS - Cp)C22{f3) + (o^ " C^)Ci2(/3) + 2Coo(/3) + CpC2{(3) 

1 



4Coo2(/?) - a^Ci22(/3) - &/3C222(/?) + [l^^ - Cg] C22{P) 



+laf,CM + Coo{P) + lcf,C2{P) 



-Coo2(/3) + -Coo(/3) 



(32) 



The coefficients af3,bf3,Cfs,di3 and the mass parameters m\,m\,m\ of the functions 
C2, Cjj, Cijk defined in the Appendix A are given in table I. 



D. Chiral anomaly term 

Finally the contribution of the chiral anomaly term t'^^^^^^ is given as 
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(d) 



(e) 



(f) 



FIG. 5: The NLO diagrams contributing to ttKWj vertexes. Mesons (mi, 7712) are {K~^,rj), 



IV. RESULTS AND DISCUSSIONS 



The total decay rate of K'^^^+^- is given by summing over the spins of the leptons in the 
final state: 

^(^°-.-) - / i / w • ■ ■ / S - i: i^^-i^- («^' 

The transition matrix element Tjj is the sum of the LO amplitude T^^^ and the NLO 
amplitude T^^\ 

The multi-dimensional phase space integration is performed by using the Vegas integration 
(l9| method. One-loop integrals in T*^^-* are evaluated numerically using the package 
Looptoolsy^, |2l|. In the following results, we use the masses of the neutral kaon and the 
charged pion and the charged pion decay constant 2^ . 



TJiK = 497.67 MeV, = 139.57 MeV, = 92.4 MeV. 



(35) 



We use the following low energy constants at the scale of fi = rrip = 770 MeV from Ref. 

Lloirrip) = -5.5 x 10"^ (36) 



Ll{mp) 



6.9 X 10 



-3 
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and we use FkIF.,^ = 1.22 for L5. The CKM matrix element and Fermi coupling constant 
are chosen as = 0.2200 and Gp = 1.16637 x lO-^GeV'^. 

The role of the 0{p'^) amplitude is studied for differential decay rates of K^^^+^-. We 
examine the energy distribution of neutrino (dT/dEiy), the invariant mass distribution of 



four leptons e+e e+z/g {dT/dM^ei, with M^^u = y (^i + ^2 + ^3 + ^4)^ = y {Pi ~ 'P2Y) and 
the invariant mass distribution of e~^e~ (dF/dMe+e- with M^+^- = \f(p). The virtual pho- 
ton momentum distribution is not available from i^'fg^ decay. The calculated invariant 
mass distributions dT/dM^g^^, dV / Ey and rfF/Mg+e- are shown in Fig. [6] with the 0{jP) 
amplitude (dash curve) and the 0{p'^) + 0{p'^) amplitude (solid curve). In those invariant 
mass distributions, the second term of Eq. (IT^ in the LO amplitude plays a dominant 
role. Around the peak of those distributions, effects of the Oip"^) amplitude contribute 
about 10% of the M^eue and Ey distributions. A smaller effect of the NLO amplitude is 
found for the Mg+g- distribution. 

The effect of the 0{p'^) amplitude on the shape of the mass distributions can be more 
clearly seen in the ratio dT[LO + NLO)/dT{LO). Those ratios are shown in Fig. [3 The 
solid curves show results using the full 0{p'^) amplitudes, while the dashed curves show 
results including only loop contributions. In the dashed curves, the C(p^) amplitudes 
are calculated with L5 = Liq = (dash-dot), i.e. only Lg is included in addition to loop 
contributions and the anomaly term. The 0{p'^) effects increase with energy for M^^u^ and 
neutrino energy distributions. They become about 1.2 to 1.25 for M^^y^ > 200 MeV and 
about 10% around the peak of the E^ distribution. For both M^eu^ and E^ distributions, 
it will be possible to test the O^p"^) effects in the energy region where the decay rates 
themselves are large. As far as the effects of the low energy constants are concerned, 
the most important contribution is Lg. The effects of -^5,-^10 and the chiral anomaly are 
found to be small for M^eue and E^ distributions. The loops effects reduce the invariant 
mass distributions by about 5%. The shape of the invariant mass distributions is almost 
not affected by the loop diagrams. In Mg+e-, the effects of the O(p^) terms appear in a 
slightly different way. The Lg term mainly contributes to the Mg+g- distribution below 
Mg+g- = 100 MeV. Above ISOMeV, Liq begins to contribute and tends to cancel the 
contribution of Lg. The matrix element of the chiral anomaly term is proportional to 
e^'^'^^qpWa, and the amplitude is directly proportional to Mg+g- = y^. The effects of 
the chiral anomaly term start to be sizable above Mg+g- = 150 ~ 200 MeV and the 
Mg+g- distribution in the high energy region will be interesting even if the decay rate is 
quite small. In this energy region, the relative importance of the 'exchange' amplitude 
compared with the 'direct' amplitude increases because of the photon propagator. A 
straightforward interpretation of the dependence of the Mg+g- distribution may be 
possible for K^^^+^- decay, which is free from the exchange effects. 

Finally we examine the total decay rate of K^^^+^. (/ = e, /x) relative to the K^^, decay rate 
as 



The decay rate r(/(';3) is calculated in ChPT up to 0(p^). Here the ratios are calculated 
in the absence of real and virtual photon corrections [7| . Our results on TZ are shown in 




(/ = e,/i) 



(37) 
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Table [TTl for three cases using the full C(p^) amplitude, the C(p^) amplitude, and loop 
corrections. In the last case, we just set L[ = 0. Including the O^p"^) amplitudes, the total 
decay rate is increased by 6%(8%) for the K^^^+^^{K^^^+^^) decay. The loop correction 
reduces the decay rate, which is consistent with the one reported in [6,] for Ki^^. The 
effects of the chiral anomaly are very small on the total decay rate. 




100 200 300 

M,,,_[MeV] 

(c) 

FIG. 6: Msejy^, E^, and Mg+g- distributions of i^gjg+g. decay. The differential decay rates are 
calculated with dashed curve) and and 0{p^) + ©(p^) (solid curve . 
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100 200 

M3,v,[MeV] 
(a) 




100 150 
£v[MeV] 

(b) 



250 



1.2 




0.9 ' ■ ' — 

100 200 

M,,,_[MeV] 

(c) 



FIG. 7: The ratio of the LO + NLO to the LO for Mse^,^, and Mg+g- distributions. The 
solid, dash-dot and dotted curves show results with full O(p^), 0{p^) with Lg = L\q = and 
loop effects. 









full 0{p^) 


1.34 X 10-^ 


3.50 X 10-^ 


tree level 


1.26 X 10-^ 


3.24 X 10-^ 


only loops at 0{p'^) 


1.20 X 10-^ 


3.12 X 10-^ 



TABLE II: The ratio of the branching ratios of ^e3e+e- (-^u3e+e-) decay to Ke3(i^^^i3) decay. 



V. SUMMARY 

In summary, we have studied the differential decay rates of -ft'eSg+g- ChPT up to 0{p'^) 
for the first time and found that the My,^^^ and Ei, distributions will be suitable observables 
to test the 0{p'^) amplitudes. Our analysis will provide the first hint to analyze the 
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various mass distributions of the K^^^^+f, 



decay. The data of K^^^+^- from KTeV has 
been analyzed using the resuhs obtained in this work and it was found that the NLO 
calculation consistently improves that of the LO one 14l|. Once the precise data of the 
-^e3e+e- decay are available, the next task is to separate the IB and SD contribution in 
this process and obtain new information from this decay mode. 
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APPENDIX A: LOOP INTEGRALS 



Functions A, Bi, Ci are defined as follows. 

A{ml) = ^ / jrr^- 2' 

t J (ztt)" q'' — mf 



D/ 2 2 2^ 
D / 2 2 2^, 



B^^{m^,m2,p ) 



B^ya{ml,ml,p^) 



4— n 



I J (27r)" (g^ — ml){(q — p^ — m^) ' 
f d'^q q^ 



I J (27r)" (g^ — mf) ((g — pY — m^) 
/i^-" f d^q q^q, 



V 



I J {2tiY (g2 - mf ) ((g - pf - ml) 
P,^PuB2i {m\, ml^p"^) + g^uB22{rn\, m^, p^) 



(A2) 



p^Bi{m^,m2,p ), (A3) 



(A4) 



4— n 



I J (27r)" (g2 - mf)((g -p)2 - mi) 
P,P.pMmlmiy) + {p,g.o.+P.g,o.+P.g,.)B,,{mlmiy), 

(A5) 



C{mlmlmlq\W\Q') 



C^(m\,mlmlq\W\Q^) 



C^^{ml,ml,ml,q^,W'^,Q'^) 



4— n 



I J (27r)" k"^ — mi{k — g)^ — m^ik — QY — rn. 
/i^-" /• rf"A; 1 1 1 



2 ' 
3 



(A6) 



I J (27r)" k'^ — m\{k — g)^ — m^ (A; — QY — ml 



/i^-" r d'^k 



{2ttY F -ml{k- g)2 -ml{k- Qf - ml 



k^ 

(A7) 
k^'k" 
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= g^luCoo + q^quCii + Qf,QyC22 + {qt^Qu + Q^^qy)Cl2, (A8) 

2 2 2 2 2 2 f d"'k 1 1 1 

C^i,p{mi,m2,'m^, q ,W ,Q ) = / /„ n„ oTt \9 2 71 TvT? 2^^^ 

2 J (271)"^ /c^ — mi[k — qY — m2 (A; — Q)^ — 

= {9fiuqp + Qupqfj. + fi'/^p?i/)C*ooi + {gp.uQp + dupQfi + gp.pQu)Coo2 

+iqfMquQp + qt^Quqp + Qi,qvqp)Cii2 

+{QtMQuqp + Qi^qvQp + qi,QvQp)Ci22 

+qfiquqpCiu + Qf,QuQpC222- (A9) 

Here e = A - n, Q^' = q^" + W. 



APPENDIX B: COMPARISON WITH THE CHPT CALCULATION OF Ki^^ RE- 
ACTION 

In the real photon hmit q"^ = 0, one can show that our formula for the NLO amplitudes 
of K^2,e+e- agrees with the amplitudes of Ki^-y given in Ref. ^ by using the following 
relations. 

2 

Tn — 

A{ml) = ^Ao + iK), (Bl) 
B{mlml,p^) = ^+B{ml,ml,p^), (B2) 
Bi{ml,mlp') = ^ + ^ {AimD - Aiml) + {mj ~ ml+ p^)Bimlmlp'')} , (B3) 

75 / 2 2 2x ^0 ( 2 , 2 P'^\ , 2 , 2 P'^\ 

+ ]:A{ml) + ^5(m?, mlp^) - ]:ip^ + mj ~ ml)Bi{ml mlp^), (B4) 

6 O 

D ^ 2 2 2n -^0 1 / 2 I 2 1 

Boa im-i , m^, p = r-^ m, + rrin 

2H 1. 2./^ ; 4g^2 967rV \^ 1 ^ 2 3 y 

I -'^ 4/ 2\ ^1 2 2 2\ , 2 / 2 I 2 2\ D / 2 2 2\ 

+^^("^2) - -^B{mi,m2,p ) + - m2)Si(mi, m2,p ), 

(B5) 







). 


(B6) 


B{mj,ml,p'^) 




- mi 


(B7) 


Ao 


2 

= - + ln(47r) + 1 


-7. 


(B8) 



e 
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J(p^) is defined in jsf. Three point functions Ci, C2, . . . C222 can be written in ratlier 
simple form for = 0. 

Q^ + ml~mj 1 - 

2q ■ W 



^2 — 



a 

Coo = 

C22 = 

C12 = 

C222 = 

C002 = 

C122 = 



-i— \B{ml ml, W') - B{ml mj, 
[B{ml ml W') - B{ml mj, Q') , 

-^0 , 1 ,1 2r-i I \ lb t 2 2 r\2\ D / 2 2 

64^ + 64^ + 2""!^° + 4^ y^'^"^'' ^2, Q ) - i?iK, ^2, 
^-i^ ml W^) - B,{ml ml Q^' ' 

1 r / 9 9 TT^9\ /^9 9 



iy2 



'2)^*2 — C'oO ~ Q'^C22 



,^[B,{mlmlW') + {Q^ + mi 
^-i^ [B22{mlmlW^)-B22{mlmlQ^) 



(B9) 
(BIO) 

(Bll) 
(B12) 
(B13) 
(B14) 
(B15) 
(B16) 



^ -r + -m?Ci - -Q'^Ci22 + -5i(m?, m^, VT^) - -^aifm?, m^, PF^) 

1927r2 1927r2 2 ^ 2 ^ 2 2' ^ 2 ^ ^' ^' ^ 



C112 — 



-i— [i?2i(m?, m^, W^) - 25iK, W^^) + 5(^2^ ^2^ p^2)- 
2q ■ W ^ J 



(B17) 

(BI8) 
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